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ABSTRACT - In this work, we consider two dimensional one group neutron diffusion equations for multiplying media
and solve it through the Adomian Decomposition Method (ADM) in order to exploit its merit of avoiding assumptions on
the original problem and achieving a solution through an iterative computational scheme. There is a vast amount of litera-
ture on mathematical methods for solving linear or nonlinear ordinary or partial differential equations, however, in order
to apply these methods to problems arising in science and engineering, usually it is inevitable to make modifications to
the original problem to have a certain form required by the particular method. Moreover, in most cases, a high amount of
computational power is required. The ADM, proposed by Adomian and modified by Wazwaz, has been proved useful in
obtaining closed form or numerical approximations for the solutions of many such problems involved with algebraic,
linear/non-linear, ordinary/partial differential equations, integro-differential, integral or differential delay equations while
making it possible to avoid linearization and modifications to the original problem which could correspond to unrealistic
assumptions. Besides, the resulting computational schemes are efficient with high accuracy and generally, a rapidly con-
vergent series solution is achieved. Being motivated with these facts, in this work, we apply the ADM to solve one group
neutron diffusion equations. We present both analytical and numerical results.
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. INTRODUCTION source neutron diffusion equations and achieved the ana-
Iytic result provided by the traditional methods [18] recur-
sively in a straightforward manner. In this work, we con-
sider a multiplying media scenario for a two dimensional-
one group system and exploit the aforementioned merits of
the ADM for the solution of neutron diffusion equation
considering a one group problem.

There is a vast amount of literature on mathematical
methods for solving differential equations that have linear
or nonlinear, ordinary or partial nature. However, in order
to apply these methods to problems arising in science and
engineering [1-18], usually it is inevitable to make modifi-
cations to the original problem to have a certain form re-
quired by the particular method. Moreover, in most cases, II. THE ADM FOR SOLVING DIFFERENTIAL EQUATIONS
numerical results require a high amount of computational
power. The Adomian Decomposition Method (ADM),
proposed by Adomian [1-14], has been proved useful in
obtaining solutions for many such problems involving

The ADM relies on the fact that it is possible to decom-
pose the solution of equations involving linear and/or non-
linear operators F; given by

algebraic, linear/non-linear, ordinary/partial differential Flu®]=gG), i=1.,1 )
equations, integro-differential, integral or differential de- o '
lay equations while making it possible to avoid lineariza-  for ; = 1, 2, ..., [ where X is an independent variable,

tions and modifications to the original problem which
could correspond to unrealistic assumptions to hold. The ) ) )
solution is obtained in a series form in which the terms are ~ as the solution [1] in series form as

g;(X)is a known function and {u, ()} _, , is referred to

computed in an iterative manner. A partial sum corre- -
sponds to an approximate solution and through numerical u(x) = Zui(i) 2
evaluation of the terms, a numerical approximation to the i=0

solution is obtained. It is often the case that the series ex-

o . . where the corresponding n-term partial sum is given b
hibit rapid convergence, the computational schemes that P & p & y

arise are relatively convenient that avoid complicated al- Y
gebraic manipulations and numerical evaluation of them ?,(x) = Z"f(x) (3)
yield relatively efficient results with high accuracy [12], =0

[14]. In a recent work, we have applied the ADM to fixed e note that
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lim g, (x) = u(x) 4)

and the convergence is rapid [12], [14]. Moreover, the n-
term partial sum is an approximate solution. Hence, the
computation of the solution is equivalent to the computa-
tion of u,(x) fori=0, 1, 2, ....n-1. ADM proposes a recur-
sive formula for finding these terms, starting with a de-
composition of the general differential operator F that
represents a general nonlinear ordinary differential opera-
tor that bears both linear and nonlinear terms as

F=L+R+N 5)

where L+R and N are the linear and non-linear parts re-
spectively. Here, L is the highest order derivative part
which is invertible and R is the remaining part of the linear
operator. Thefore (1) can be written as

Lu+Ru+Nu=g (6)

Solving this equation for Lu yields
Lu=g—-Ru—Nu (7

Since L is invertible, after multipliying both sides of
the equation with L™, we end up with

L'Lu=L'¢g—L'Ru—L"Nu ®)

If the original problem given by (1) is an intitial-value
problem, it is possible to treat the integral operator L' as
definite integrations from O to x. If L is a second order
operator, L' is a two-fold integration operator and
L'Lu =u—u(0)—xu'(0). For boundary value problems,
indefinite integrations are used and the constants are
evaluated from the given conditions which is a valid ap-
proach for the initial-value case too.

Considering (8), the solution of the original problem is
given by
u(x)=A+Bx+L'g—L'Ru—L"'Nu 9)

where A and B are integration constants that can be found
from boundary or initial conditions. After substituting (2)
in (9), the nonlinear term Nu is obtained as

Nu(x)=D A (10)
i=0
where A; are polynomials given by
1| d' >
A=—|—|N Au, 11
’ n!{dﬂ' { [Z:‘ M'JHM v

and referred to as Adomian polynomials [6]. After arrang-
ing the terms, the ADM obtains the solution as

iu, (x) =u, - L"Ri u(x)—L" Z A

i=0 i=0 i=

12)

where
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u,=A+Bx+L'g (13)
and u; are obtained as
u, =-L"'Ru,—L"A,
u, =—L"Ru —L"'A
(14

un+] = _LilRu” - LilAn

in a recursive form consequently (the interested reader is
referred to [6], [11] for further details) . As the ADM sug-
gests the above steps to obtain a solution for a general dif-
ferential equation, in the case of partial differential opera-
tors, the above steps are valid for each one and a corre-
sponding solution can be obtained. Such a solution is
known as a partial solution, e.g. x-partial solution and y-
partial solution in the case of a two dimensional problem
involving independent variables x and y respectively [7].

Consider a boundary condition problem involving more
than one independent variables. The partial solutions ob-
tained for the separate equations for the highest-order lin-
ear operator terms are identical for the case in which the
boundary conditions are general and asymptotically equal
when the boundary conditions in one independent variable
are independent of other variables. For the case, each
equation is solved for an-n-term approximation, i.e. n-term
partial sum, and then the partial solutions are combined
yielding the solution of concern [7].

In cases where one operator annihilates the series in a
finite number of terms, at least one partial solution may
not satisfy the corresponding conditions. In order to pro-
ceed with the ADM, the initial condition should be ex-
pressed in an appropriate series expansion form without
making a priori assumptions about the solution [8].

Since the method does not resort to linearization or as-
sumption of weak nonlinearity, the solution generated is in
general relatively realistic in the sense that the fidelity to
the model of the physical problem is preserved.

III. APPLICATION TO THE ONE GROUP NEUTRON DIFFUSION
EQUATIONS

We consider the time independent neutron diffusion
equation for a homogenous region in a scenario where a
geometry with the vacuum boundary conditions are valid:

Vig(i)-x*o(F) =———. (15)

reS

9(x)=0,

Here, ¢(r) and S(r) are the neutron flux and the neutron
source term respectively. X is given in terms of the ab-
sorption cross section and the diffusion constant D by in-
verse diffusion length K= 2 /D. Note that, in one
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group criticality eigenvalue problems, the fission source
termis S =vX, / Dk,

We consider a two dimensional system with a square
geometry. The system is symmetric with respect to both x
and y axes and so it is sufficient to obtain a solution for
only a single quadrant, for the case, using the ADM. In
this scenario, the neutron diffusion equation together with
the boundary conditions given by (14) reduces to

’¢(x.y) ¢(x.y) = e
+ S g(x,y)=— , 16
= . Dﬂxﬂ MWwa (16)
—B¢(x,y):O at x=0 ¢(x,y)=0 at x=a
ox
@:0 at y=0 ¢(x,y)=0 at y=a
y

After rewriting the above using an operator notation we
obtain a similar form with that of (1) :

Flo(x.y)]=0 (17

P22 iy (18)
ox~  dy
al 2 )

L=—,R=—+y,N=0 (19)
ox’ dy”

where
, VE, X

e 20)

Dk D

Since (16) involves partial differential operators, ADM
recursions are carried out for each of the independent vari-
ables yielding the x-partial solution and y-partial solution.
Due to the boundary conditions [8], one subtlety here is
that, due to these boundary conditions the x-partial solu-
tion of our equation will be same with y-partial solution.
Hence, we consider the x partial solution and continue on
for the recursion. After arrangements for collecting terms
with the operator L, on one side, we multiply the equality
with inverse operator of L,.

L'L(x,y) = L' ¢(x, ) — L#(x, y)] 1)

#(x,y) = A(V)x+B(y)+ L[ 1 ¢(x, y) = Lp(x, »)] (22)

This yields the equation as seen where A(y) and B(y)
terms are integral constants depending on the boundary
conditions. The ADM recursion is as follows: @, is com-

posed of integral constants and the forcing term given by
9 (x,y) = A(y)x+ B(y) (23)

If we apply first boundary conditions to ¢, at x=0, we

find out that A(y)=0 for all y. Then we continue with the
ADM recursions as follows;
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@,(x,y) = B(y)
¢ =L'lx¢1-L'[Lg,]

¢, =L'[7'¢1-L'[L¢] (24)

¢, =L'[x¢1-L'ILg,]

Now we will deal with the second term due to boundary
conditions, i.e. B(y), and the forcing term. For this prob-
lem we have the case in which one operator annihilates in
a finite number of steps as discussed in Section 2. Hence,
straightforward application of ADM recursions lead both
B(y) disappear even in the first step of the iteration that
computes ¢ . This is the second subtlety. Here, in order to

prevent loosing the contribution of these terms we repre-
sent both the integral constant B(y) and the forcing term
with series expansions [8]. Note that this procedure re-
quires no a priori assumptions on the solution. (Further-
more, in the case of a fission source, the series representa-
tion of the forcing term will be that of the source function.)
For our fixed source case, we find out this form for beta m
and f m through solving for the boundary conditions as in
the following;

B(y) = )_b,Cos(4,y)
n=0
Considering the type of the one group neutron diffusion
equation and the boundary conditions, we consider an ini-
tial guess in the form. Then the first term of the series is
given by

9,(x,y)=Y_b,Cos(B,y) (25)

n=0
In order to have the presumption in (25) satisfy the
boundary conditions, we substitute the condition for y = a
yielding that S, satisfies

_@nthr

= n=0,12,...
2a

(26)

On the other hand, consider a few terms of the series
given by

9,(x,y) =Y _b,Cos(B,y) @7

2
9,(x.y) = —;fﬂm(x, y)dx'dx'—”wczx'dx'
= —ibﬂ w!;—):)zCos(ﬂ”y)
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%)

¢2<xy>——z”¢<xy>dxdx ﬂ DY) g

—Zb os(B,y)

where
2 2 2
a, =y - B,

Consider the partial sum of a few terms of the series
given by

y)=i¢m(x7y)

m=0

(@x) (ax)*
—ZbCosﬁy[l— ~ T] (28)

= ib“Cos(ﬁny)Cos((xﬂx)

n=0

Applying (28) boundary condition at x=a, ¢,is obtained

_Q@n+Dhrx
2a

n=0,1,2,... (29)

For a critical reactor, all the harmonics drop out and the
fundamental eigenvalue is needed [19]-[21]. Under this
condition, fundamental eigenvalue and eigenfunction
given by

(30)

o~
! Zaﬁ
#(x,y) =b,Cos(L,y)Cos(e,x)
and multiplication factor ke using (20), (26) and (30)

- VE/

/A

- z
2 2

D| By —ay +—

l:O 0 D:|

is obtained. But, coefficient by is not determined yet.

In nuclear reactors, reactor power is determined follow-
ing equation [21]

P= wafj.J.gﬁ(x,y)dxdy =

—a-a

P
b, = . % =0

w. X j I Cos (ﬁoy)Cos(\/anx)dxdy

—a-a

1IV. EXAMPLE

In this example, we consider a square reactor core with
one edge length 2a = 100 cm and apply ADM for one
quadrant of the system due to symmetricity. Notice the
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vacuum conditions at the left and upper boundary and re-
flector conditions at the right and lower boundary ex-
pressed in (16). The constants of reactor are presented in
Table 1.

For the case, we assume the result obtained via the sepa-
ration of variables as the exact solution. Computations
utilizing Mathematica yield that ADM achieves this result
as well. We present the computational results of ADM on
a 100x100 grid in Figure 1 and on y=0 in Figure 2. In ad-
dition, in Table 2, we present the computational results of
ADM, SoV in a comparative manner.

Table 1 — Reactor constants.

Constant Value

a (cm) 50

D (cm) 1.77764

2 (cm™) 0.0143676
vZ, (em’) 0.0262173
Z, (em’) 0.0104869
P (wattcm™) | 32000

w; (joule) 3.2042x10™""

Table 2 — Compared results.

ADM SoV

1.46657782
2.34976x10"

key | 1.46657782

0o | 2.34976x10"
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Figure 1 — Neutron flux distribution.
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Figure 2 — Neutron flux for y=0.
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V. CONCLUSION

We have considered two dimensional one group neutron
diffusion equations for multiplying media and through the
Adomian Decomposition Method we have obtained an
iterative scheme for a series expansion of the solution. The
iterations admit a symbolic program that outputs the solu-
tion as the partial sum of desired number of terms. It is
also possible to perform numerical evaluation of the solu-
tion with a desired bit resolution. Also considering the fact
that the closed form solution obtained through separation
of variables is in a series expansion form, this approach
provides an effective solution which also exhibits conven-
ient numerical properties.

We calculate the eigenvalues, eigenfunctions and the
largest eigenvalue named the multiplication factor keff .
The computational results indicate that ADM coverges to
the solution which the series sum provided by the widely
used analytic method of SoV converges. This is in parallel
with the behaviour of ADM for fixed source neutron diffu-
sion equations. In this case, ADM yields a simple recur-
sion with a competetive accuracy [18]. Similarly, we have
obtained a straightforward solution for the case which pro-
vides motivation for exploiting ADM in a multiregion
and/or multigroup scenario in which there are distinct dif-
fusion constants inhibiting to achieve a solution through
conventional approaches. A further investigation along
these lines remains as future work.

REFERENCES

[1] Adomian, G. (1985). Discretization, decomposition
and supercomputers. Journal of mathematical analy-
sis and applications. 112: 487-496.

[2] Adomian, G. (1986). A new approach to the heat
equation-An application of the decomposition
method. Journal of mathematical analysis and appli-
cations. 113: 202-209.

[3] Adomian, G (1986). Solution of the navier-stokes
equation. Computers & Mathematics with Applica-
tions. 12 (A): 1119-1124.

[4] Adomian, G. (1988). A review of the decomposition
method in applied mathematics. Journal of mathe-
matical analysis and applications. 135: 501-544.

[5] Adomian, G., Rach, R. and Elrod, M. (1988). The
decomposition method applied to stiff systems.
Mathe. and computers in simulation. 30: 271-276.

[6] Adomian, G. 1989. Nonlinear Stochastic Systems
Theory and Applications to Physics. Kluwer Aca-
demic Publishers.

[71 Adomian, G. and Rach, R. (1990). Equality of partial
solutions in the decomposition method for linear or
nonlinear partial differential equations. Appl. Math.
Comput. 19: 9-12.

[8] Adomian, G. and Rach, R. (1992). A further consid-
eration of partial solutions in the decomposition
method. Computers & Mathematics with Applica-
tions. 23 (1): 51-64.

27-30 June 2010
Pamukkale University, Denizli, Turkey

[9] Adomian, G. (1991). A review of the decomposition
method and some recent results for nonlinear equa-
tions. Comput. Math. Appl. 21: 101-127.

[10] Adomian, G., Rach, R. and Meyers, R. (1991). Nu-
merical algorithms and decomposition. Comput.
Math. Appl. 22: 57-61.

[11] Adomian, G. 1994. Solving Frontier Problems of
Physics: Decomposition Method. Kluwer Academic
Publishers.

[12] Cherrault, Y. and Adomian, G. (1993). Decomposi-
tion methods: A new proof of convergence.
Math.Comp. Model. 18: 103—106.

[13] Adomian, G. (1995). Solving the mathematical mod-
els nuroscience and medicine. Mathematics and
computers in simulation. 40: 107-114.

[14] Cherrault, Y., Adomian, G., Abbaoui, K. and Rach,
R. (1995). Further remarks on convergence of de-
composition method. International Journal of Bio-
Medical Computing. 38: 89-93.

[15] Luo, X.G., Wu, Q.B. and Zhang, B.Q. (2006). Revisit
on partial solutions in the Adomian decomposition
method: solving heat and wave equations. Journal of
math. analy. and applic. 321: 353-363.

[16] Bratsos, A., Ehrhardt, M. and Famelis, I.T. (2008). A
discrete Adomian decomposition method for discrete
nonlinear Schrédinger equations, Applied Mathemat-
ics and Computation, 197(1): 190-205

[17] Alizadeh, E., Sedighi, K., Farhadi, M. and Kebria,
H.R.E. (2009). Analytical approximate solution of
the cooling problem by Adomian decomposition
method. Communications in Nonlinear Science and
Numerical Simulation. 14 (2): 462-472.

[18] Cavdar, S., Ahmetolan, S. and Uney, M. 2008. Ap-
plication of Adomian Decomposition Method for
Neutron Diffusion Equations. In Proceedings of The
Fifth Eurasian Conference on Nuclear Science and
its Application. Ankara, Turkey, 14-17 October (in
English).

[19] Habetler, G.J. and Martino, M.A. 1961. Exixtence
theorems and spectral theory for the multigroup dif-
fusion model. In Proceedings of Symposia in Applied
Mathematics. 11: 127-139.

[20] Stephenson, R. 1958. Nuclear Engineering. M.G.Hill

[21] Duderstadt, J.J. and Hamilton, L.J. 1976. Nuclear
Reactor Analysis. John Wiley.

BIOGRAPHIES

Siikran Cavdar — received her B.S. degree in Electrical Engineering
from Istanbul Technical University, Istanbul, Turkey. She was a teaching
and research assistant at Institute of Nuclear Energy, ITU between 1996
and 2002. She received her Ph.D. degree in Nuclear Science from Insti-
tute of Energy, ITU. Her research interests include neutron diffusion
calculations; analytic, semi-analytic and numerical solutions of linear,
nonlinear differential and integro-differential equations.

She has publications on applications of boundary elements method,
finite elements method, the BE/FE hybrid method and the Adomian
decomposition method to one or multi-group neutron diffusion calcula-
tions. She has investigated the nonexistence of positive solutions to non-
linear parabolic differential equations. She is currently focused on cheby-
shev polynomial acceleration for the BE/FE hybrid method in multi-
group neutron diffusion equations and ADM and HAM in multi-group
neutron diffusion equations.



